A series scheme is discussed for the determination of the normalization constants of the even and odd Mathieu-Gauss (MG) optical beams. We apply a suitable expansion in terms of Bessel-Gauss (BG) beams and also answer the question of how many BG beams should be used to synthesize a MG beam within a tolerance. The structure of the normalization factors ensures that MG beams will always be normalized independently of the particular normalization adopted for the Mathieu functions. In this scheme, the normalization constants are expressed as rapidly convergent series that can be calculated to an arbitrary precision.
INTRODUCTION
Mathieu beams constitute a complete and orthogonal family of nondiffracting optical beams that are solutions of the wave equation in elliptic coordinates. [1] [2] [3] [4] These beams are fundamental in the sense that any optical field can be expanded in terms of Mathieu beams with appropriate weight factors and spatial frequencies. 5 Mathieu beams have been applied, for example, to photonic lattices, 6 transfer of angular momentum using optical tweezers, 7, 8 and localized X waves. 9 Since ideal Mathieu beams are not square integrable, they cannot be normalized such that the integral of the intensities is unitary. In view of this, we reported, in a recent paper, a closed and elegant expression for the propagation of the so-called Mathieu-Gauss (MG) beams, 10 i.e., Mathieu beams apodized by a Gaussian transmittance, which carry a finite power and can be generated experimentally to a very good approximation. 11 MG beams constitute one of the simplest approximations to the exact nondiffracting Mathieu beams, and their propagation properties have been studied in free space 10, 11 and through apertured ABCD optical systems. 12, 13 Although the propagation characteristics of the MG beams are well understood, the normalization factors of these beams have not been calculated until now. The object of the present investigation is to remedy this deficiency. Though the transverse intensity distribution of the MG beams cannot be integrated directly in a closed form, we shall see that a suitable expansion in terms of BesselGauss (BG) beams can be applied with success to the problem, yielding the normalization constants. The analysis of convergence provides an upper bound for the number of terms required to compute the normalization constants within a given accuracy. In the course of this analysis, we also answer the related question of how many BG beams should be used to synthesize a MG beam within a tolerance. Knowledge of the normalization factors is necessary for the construction of helical MG beams whose even and odd components should transport the same power. 
DEFINITION OF THE MATHIEU-GAUSS BEAMS
We briefly describe MG beams to establish notation and to provide a reference point for necessary formulas. We commence by defining the elliptic coordinates with foci at ͑±f 0 ,0͒ as
where ͓0,ϱ͒ and ͓0,2͒ are the radial and angular elliptic coordinates, respectively. Since we are primarily interested in finding the normalization constants of the beams, it is convenient to work with the expressions of the mth-order even and odd MG beams at the plane z =0, namely, 
in elliptic coordinates. 1 The MG beams are characterized by the ellipticity parameter q = k t 2 f 0 2 / 4, which carries information about the transverse wavenumber k t and the ellipticity of the coordinate system through f 0 .
In the plane z = 0, the transverse shape of the MG beams is characterized by a set of confocal elliptic and hyperbolic nodal lines. Several theoretical and experimental patterns have been reported elsewhere. [10] [11] [12] Like BG beams, the MG beams of the form (3) constitute a complete family of paraxial fields in the sense that any Helmholtz-Gauss beam with the same waist size and spatial frequency can be expressed as a superposition of MG beams with the appropriate weight factors. 10 BG beams represent a special case of the MG beams when the focal distance of the elliptical coordinates reduces to zero.
NORMALIZATION OF THE MATHIEU-GAUSS BEAMS
In principle, the problem of finding the normalization factors of the MG beams reduces to the determination of the integral ͐͐ −ϱ ϱ ͉MG m ͉ 2 dS across the whole transverse plane ͑x , y͒. Closed-form evaluation of this integral is not possible, fortunately, the problem can be solved by using the fact that MG beams may be expanded in terms of BG beams. This fact is evident once the Bessel beams form a complete set of orthogonal solutions of the Helmholtz equation in cylindrical coordinates.
At the plane z = 0, the even and odd BG beams are written as 14 BG m
where ͑r , ͒ are the polar coordinates, J m ͑·͒ is the mth order Bessel function, and K m is a normalization constant. It is convenient to explicitly find the factor K m in order to work with an orthonormal basis of BG beams. The evaluation of the condition ͐ 0 ϱ ͐ 0 2 ͉BG m ͉ 2 rdrd = 1 leads to
where I m ͑·͒ is mth-order modified Bessel function of the first kind, ␦ i,j is the Kronecker delta, and
is a beam parameter, which relates the transverse beam oscillations characterized by 1 / k t and the Gaussian width given by w 0 .
A. Normalization of the MG 2n
e " , … Beam
Before proceeding with the normalization of the MG beams, we write the Fourier series representation of the Mathieu functions ce m ͑·͒ and se m ͑·͒. The expansions fall into four classes, according to their symmetry or antisymmetry, at approximately = 0 and = / 2, namely,
where n =0,1,2,. . ., and the Fourier coefficients A and B are functions of q and are characterized by a set of known three-term recurrence relations. [15] [16] [17] The corresponding series for the radial Mathieu functions are obtained from Eqs. (8) by setting the change of variable → i.
Several normalizations have been proposed for the functions ce m ͑·͒ and se m ͑·͒. 16, 18 The most adopted in the literature is the same as that for the cosine and sine functions, i.e., ͐ 0 2 ce m 2 ͑ ; q͒d = ͐ 0 2 se m 2 ͑ ; q͒d = for all real values of q. Under this normalization, the Fourier coefficients have the property,
To normalize the MG beams, we commence by writing an integral equation for the 2nth-order even Mathieu functions [15] [16] [17] Je 2n ͑,q͒ce 2n ͑,q͒ = C 2n͵ 0 2 ce 2n ͑͒exp͓ik t r cos͑ − ͔͒d,
͑10͒
where the multiplier C 2n is given by C 2n = ce 2n ͑0;q͒ce 2n ͑/2;q͒
From a physical point of view, Eq. (10) represents the expansion of the ideal nondiffracting Mathieu beam U 2n e =Je 2n ͑ , q͒ce 2n ͑ , q͒ in terms of plane waves. 1 As well known from the theory of nondiffracting beams, 4 the angular spectrum of the beam reduces to a circular delta of radius k t in the k space, which (in this case) is modulated angularly by the function ce 2n ͑͒. It is important to remark that Eq. (10) is a fundamental identity that holds independently of the normalization scheme adopted for the Mathieu functions.
We now proceed by inserting the series representation (8a) into the right side of Eq. (10) . Since the integral of the sum is equal to the sum of the integrals, we have
The evaluation of the integral can be expressed in closed form using Bessel functions, 16 namely,
͑13͒
Equation (13) is, in fact, the expansion of the nondiffracting Mathieu beams in terms of the Bessel beams. We now multiply both sides of Eq. (13) by the Gaussian modulation and the unknown normalization factor N 2n e to construct the MG beam,
MG 2n
e ͑,͒ = N 2n
Using the definition of the BG beams in Eq. (5), we obtain the expansion of the normalized MG beams in terms of normalized BG beams,
The normalization constant N 2n e is determined by the stipulation that ͐͐ −ϱ ϱ ͉MG 2n e ͉ 2 dA = 1. Taking into account that BG beams form an orthonormal basis, from Eq. (15), we readily get the following relation,
Finally, substituting the values of C 2n and K m into the above equation, we can formally write the normalization constant for the MG 2n e beam,
ͱw 0 ce 2n ͑0;q͒ce 2n ͑/2;q͒
͑17͒
As expected, N 2n e is a function of the beam parameter = k t 2 w 0 2 / 4 and the ellipticity parameter q = k t 2 f 0 2 /4. 
B. Normalization of the Remaining Cases

͑23͒
Equations (17), (19), (22), and (23) are the main result of this study. The structure of these factors ensures that MG beams will always be normalized independently of the particular normalization adopted for the Mathieu functions.
NUMERICAL DISCUSSION
Having given the series expression for the normalization constants, one of the main questions to be answered is how many terms of the infinite summations in Eqs. (17), (19), (22), and (23) should be used in order to compute the normalization constants within a given accuracy. This question is equivalent to asking the number of BG beams required in Eq. (15) to synthesize a MG beam within a tolerance. To answer the question, consider that the sums have the general form
where k =2j =0,2,4,. . . for sums in Eqs. (17) and (22), k =2j +1=1,3,5,. . . for sums in Eqs. (19) and (23), and D = 1 except for the sum in Eq. (17) where D =1+␦ j,0 . The standard practice is to truncate the series when the term we have just added is smaller in magnitude than some small times the magnitude of the sum thus far accumulated. In this direction, an upper bound for the number of terms can be estimated by finding the ratio between consecutive coefficients, i.e.,
From calculus we know that if lim k→ϱ V k Ͻ 1 then the series (24) is absolutely convergent. In this case, approximations to the sum can be obtained to any desired precision by setting V k lower than a given tolerance.
To determine the ratio V k , we commence by writing the known three-term recurrence relations among the Fourier coefficients A k and B k of the Mathieu functions, namely, [15] [16] [17] 
where k ജ 4 and a is the eigenvalue of the Mathieu equation ͓d 2 + a −2q cos 2͔⌽͑͒ = 0. We remark that Eq. (26) holds for the four classes of Mathieu functions in Eqs. (8) .
By defining the ratio between consecutive Fourier coefficients as
From this relation, we conclude that
, and the sum would be divergent. Consequently, G k → 0 − as k → ϱ, leading to the fact that the magnitude of the Fourier coefficients tend to zero monotonically, and their signs alternate as k increases. Now, the ratio G k can easily be determined from Eq. (27) in the limit when k is very large; in this case G k+2 → 0 and a Ӷ k 2 , thus
͑28͒
Coming back to Eq. (25), to determine the convergence of the ratio I k ͑͒ / I k−2 ͑͒, we use the asymptotic expansion of the kth-order modified Bessel function I k ͑͒ for large order,
where k ജ must be satisfied. Note that for a fixed argument Ͼ 0, the function I k ͑͒ is positive and decreases monotonically to zero as the order increases. Using Eq.
(29) can demonstrate that the ratio I k ͑͒ / I k−2 ͑͒ may be approximated for large k by
͑30͒
Collecting the partial results in Eqs. (28) and (30), the ratio V k for large k in Eq. (25) is found to be
where k =2j for the sums in Eqs. (17) and (22) and k =2j + 1 for the sums in Eqs. (19) and (23). Equation (31) is of practical value for estimating how many terms of the series (24) do we need to add to guarantee a specified accuracy. Let K be this number of required terms, if we set a tolerance (tol) for the ratio between consecutive coefficients, then from Eq. (31), we find 
where the function ceil ͑x͒ returns the smallest integer greater than or equal to x, and = 0 for N 2n e , N 2n+2 o , and = 1 for N 2n+1 e , N 2n+1 e . It is instructive to illustrate the convergence of the series (24) with a concrete example. In Table 1 , we include the first terms s k for the sums in Eqs. (19) and (23) with m =1, q = 50, and = 80. For comparison purposes, we have normalized the terms with respect to the first term of the series. As we can see, the series are rapidly convergent. With the same aim, the behavior of the normalization constants as a function of the beam parameter is depicted in Fig. 1 for several orders m and= ͕5,10,15,20͖ . For all plots, the dashed curve corresponds to q = 20. The curves were determined by calculating Eqs. (17), (19), (22), and (23) for a range of keeping in mind that the paraxial approximation requires that ӷ 1 as discussed in Ref. 10 .
We also remark that Eq. (28) provides an upper bound for the number of coefficients we are willing to use in the computation of the Mathieu functions using the series (8) . If the series is truncated at the Kth term, then an upper bound for the roundoff error can be computed using the known result from calculus that if Eq. (24) is an alternating series with limit S whose terms decrease in magnitude, then S and the Kth partial sum S K = ͚ k=0 K s k differ by less than the magnitude of the ͑K +1͒th term, that is,
As a final illustration of the series formalism developed in Section 3, in where a 2j are the series coefficients, also shown in Fig. 1 . As expected, the first term provides the contribution of the fundamental J 0 BG beam. It is interesting to see how the initial circular shape gradually tends to the typical elliptic shape of the even MG beam as more terms are taken into account in the summation. For each row in Fig.  2 , the power of the beam is calculated with I = ͐͐ −ϱ ϱ ͉MG 4 e ͉ 2 dA. Note that, in this case, only seven terms are needed to ensure that the beam be practically synthesized and, moreover, normalized. Finally, for comparison purposes, in Fig. 3 , we include the transverse shape of the corresponding pure Mathieu nondiffracting beam. Comparing Figs. 2 and 3 , we see the effect of the Gaussian apodization of the shape of the Mathieu beam.
CONCLUSIONS
We have shown that the normalization constants for the four classes of MG beams can be expressed in a calculable rapidly convergent series and thus can be computed to an arbitrary precision. The structure of the factors ensures that MG beams will always be normalized independently of the particular normalization adopted for the Mathieu functions. It was possible to give an estimation of the number of required terms to guarantee a specified accuracy. We also answered the question of how many BG beams are required to build up a MG beam. The proce- dure followed in this paper can also be applied to find the normalization constants of other kinds of beams expressible in terms of BG beams.
